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QUASI-ISOMETRY INVARIANTS FROM DECORATED TREES
OF CYLINDERS OF TWO-ENDED JSJ DECOMPOSITIONS
CHRISTOPHER H. CASHEN
Abstract. We construct quasi-isometry invariants of a one-ended finitely pre-
sented group by considering the tree of cylinders of a two-ended JSJ decompo-
sition of the group. When the group satisfies additional quasi-isometric rigidity
hypotheses we construct finer invariants by also considering relative amounts
of stretching across edges of the tree of cylinders.
1. Introduction
Gromov proposed a program of classifying finitely generated groups up to the
geometric equivalence relation of quasi-isometry [9].
Stallings’s Theorem [23, 24] shows that the existence of a splitting of a group G
as a graph of groups over a finite subgroup is a quasi-isometry invariant. Finitely
presented groups admit a maximal such splitting [6]. A theorem of Papasoglu and
Whyte [20] says that the collection of quasi-isometry types of one-ended vertex
groups of a maximal decomposition of an infinite-ended, finitely presented group is
a complete quasi-isometry invariant. Underlying this theorem is the fact that the
way in which one-ended vertex groups are arranged in the maximal graph of groups
decomposition does not change the quasi-isometry type of the whole group. This
is because all the edge groups are finite, so all vertex groups coarsely intersect in
bounded subsets, regardless of adjacency in the graph of groups decomposition.
To attempt an analogous study of one-ended groups, we must study splittings
over infinite subgroups. Papasoglu [19] showed that the existence of splittings of
a finitely presented one-ended group over two-ended subgroups is quasi-isometry
invariant, provided that the group is not commensurable to a surface group. More-
over, such a group admits a maximal decomposition as a graph of groups over two-
ended subgroups, known as a JSJ decomposition, and Papasoglu’s results say that
quasi-isometries respect the JSJ decomposition. In particular, the quasi-isometry
types of the essential vertex groups of the JSJ decomposition are invariant under
quasi-isometries. However, the quasi-isometry types of the vertex groups alone can
not give complete quasi-isometry invariants, because now not all vertex groups have
the same coarse intersections. Vertices that are adjacent in the Bass-Serre tree T of
the decomposition have vertex groups that intersect in two-ended subgroups, while
the coarse intersection of non-adjacent vertices may or may not be bounded.
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2 CHRISTOPHER H. CASHEN
Guirardel and Levitt [11] show how to rearrange T into a different tree Cyl(T )
called the tree of cylinders of T . The essential vertices of T will still be vertices
in Cyl(T ). The tree of cylinders has the additional property that if v and v′ are
vertices in T that also appear as vertices in Cyl(T ), then the coarse intersection of
the corresponding vertex groups is two-ended if v and v′ are at distance 2 in Cyl(T )
and bounded otherwise. It follows from Papasoglu’s results, see Theorem 2.5, that a
quasi-isometry between finitely presented one-ended groups induces an isomorphism
between their trees of cylinders, which, moreover, preserves the quasi-isometry types
of vertex stabilizers.
Our first result, Theorem 4.1, gives a concise way to encode the structure of
the tree of cylinders as a quasi-isometry invariant of the group. This gives a finer
quasi-isometry invariant than just quasi-isometry types of the essential vertices.
Our second result, Theorem 6.4, imposes the additional hypotheses that the
group is hyperbolic and the vertex groups of the JSJ decomposition are hyperbolic
and relatively quasi-isometrically rigid, see Definition 5.2. In this case we can
measure the amount of stretch across and edge of the JSJ decomposition, and we
use this stretch parameter to give finer versions of the quasi-isometry invariants of
Theorem 4.1.
Acknowledgements. We thank Mladen Bestvina and Gilbert Levitt for interest-
ing conversations related to this work. In particular, the idea that a version of
Leighton’s Theorem would provide a concise description of our structure invariants
is due to Bestvina.
2. Preliminaries
We assume familiarity with standard concepts such as Cayley graphs, ends of
spaces, and (Gromov) hyperbolic geometry. See [3] for background.
2.1. Coarse Geometry. Let (X, dX) and (Y, dY ) be proper geodesic metric spaces.
Subsets of X are coarsely equivalent if they are bounded Hausdorff distance from
one another. A subset A is coarsely contained in B if A is coarsely equivalent to
a subset of B. Two maps φ and φ′ from X to Y are bounded distance from each
other if supx∈X dY (φ(x), φ
′(x)) <∞.
A map φ : X → Y is a coarse embedding if there exist unbounded, non-decreasing
functions ρ0 and ρ1 such that for all x and x
′ in X we have ρ0(dX(x, x′)) ≤
dY (φ(x), φ(x
′)) ≤ ρ1(dX(x, x′)). A coarse embedding is a quasi-isometric embed-
ding if ρ0 and ρ1 are linear. It is a quasi-isometry if, in addition, φ(X) is coarsely
equivalent to Y .
Let QI(X,Y ) denote the set of quasi-isometries from X to Y modulo bounded
distance. If φ ∈ QI(X,Y ), let φ ∈ QI(Y,X) be the quasi-isometric inverse of φ
such that φ ◦ φ and φ ◦ φ are bounded distance from the identity maps on X and
Y , respectively. Let QI(X) = QI(X,X) be the group of quasi-isometries of X.
Quasi-isometries respect coarse equivalence of subsets. If P is a set of coarse
equivalence classes of subsets of X, and P ′ is a set of coarse equivalence classes
of subsets of Y , let QI((X,P), (Y,P ′)) be the subset of QI(X,Y ) consisting of
quasi-isometries that induce bijections between P and P ′. Similarly, QI((X,P)) =
QI((X,P), (X,P)) is a subgroup of QI(X).
Let JXK denote the set of geodesic metric spaces quasi-isometric to X. If P is
a set of coarse equivalence classes of subsets of X, let J(X,P)K denote the set of
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pairs (Y,P ′) where Y is a geodesic metric space and P ′ is a collection of coarse
equivalence classes of subsets of Y such that there exists a quasi-isometry from X
to Y that induces a bijection from P to P ′. We call JXK the quasi-isometry type of
X and J(X,P)K the relative quasi-isometry type of (X,P).
2.2. Graphs of Groups. Let Γ be a finite oriented graph. If e is an edge, let ι(e)
be its initial vertex, and let τ(e) be its terminal vertex. Let e be the edge e with
opposite orientation, so that τ(e) = ι(e).
A graph of groups Γ = (Γ, {Gγ}, {φe}) consists of a finite directed graph Γ,
groups Gγ for each vertex and edge γ in Γ, and injections φe : Ge ↪→ Gτ(e) for each
edge e. We require Ge = Ge¯ for each edge e.
A graph of groups Γ has an associate fundamental group G obtained by amal-
gamating the vertex groups Gv over the edge groups [22]. We say that Γ is a graph
of groups decomposition of G.
The Bass-Serre tree T of Γ is the tree on which G acts without edge inversions,
such that G\T = Γ and the stabilizer of a vertex v˜ in T is a conjugate in G of the
group Gv, where v is the image of v˜ in Γ = G\T .
We require that a graph of groups decomposition does not have a valence one
vertex such that the incident edge map is surjective. This is equivalent to requiring
that the Bass-Serre tree does not have a proper subtree that is invariant under the
group action.
Definition 2.1. Given a vertex group Gv of Γ, the peripheral structure coming
from incident edge groups, Pv, is the set of distinct coarse equivalence classes of
Gv–conjugates of the images of the edge injections φe : Ge ↪→ Gv for edges e with
τ(e) = v.
We will be interested in graphs of groups in which the edge groups are two-ended.
Recall that a finitely generated, two-ended group is virtually cyclic, that is, it has an
infinite cyclic subgroup of finite index. Commensurability of edge stabilizers defines
an equivalence relation on the edge of the Bass-Serre tree T of such a splitting. The
equivalence classes of edges are called cylinders. Every cylinder is a subtree of T
[11, Lemma 4.2]. It follows that we get another tree Cyl(T ), called the tree of
cylinders of T , by taking the dual tree to the covering of T by cylinders.
2.3. JSJ Decompositions. In this paper we are interested in two-ended JSJ de-
compositions of finitely presented, one-ended groups. Equivalent descriptions of
such decompositions appear in Dunwoody and Sageev [7], Fujiwara and Papasoglu
[8], and Guirardel and Levitt [10].
Following Papasoglu [19], we will give a more geometric description of JSJ de-
compositions. First, we need some terminology.
If L is a path connected subset of a geodesic metric space (X, dX), let dL denote
the induced length metric on L. A quasi-line in X is a path connected subset L
such that (L, dL) is quasi-isometric to R and the inclusion map of L into X is a
coarse embedding.
A quasi-line L is separating if its complement has at least two essential compo-
nents, that is, components that are not contained in any finite neighborhood of L.
In particular, if G splits over two-ended subgroup then the two-ended subgroup is
bounded distance from a separating quasi-line. Separating quasi-lines cross if each
travels arbitrarily deeply into two different essential complementary components of
the other.
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Let Gv be a vertex group in a graph of groups decomposition. Let Pv be the
peripheral structure on Gv coming from incident edge groups. Let Σ be a hyperbolic
pair of pants. Let P∂Σ be the peripheral structure on the universal cover Σ˜ of Σ
consisting of the coarse equivalence classes of the components of the preimages of
the boundary curves.
Definition 2.2. We say v is hanging if (Gv,Pv) is quasi-isometric to (Σ˜,P∂Σ). We
say v is rigid if it is not two-ended, not hanging, and does not split over a two-ended
subgroup relative to its incident edge groups.
Definition 2.3. Let G be a finitely presented one-ended group that is not commen-
surable to a surface group. A JSJ decomposition of G is a (possibly trivial) graph
of groups decomposition Γ with two-ended edge groups satisfying the following
conditions:
(a) Every vertex group is two-ended, hanging, or rigid.
(b) Every cylinder in the Bass-Serre tree T of Γ that contains exactly two hanging
vertices also contains a rigid vertex.
This definition is equivalent to those cited above. The essential facts are that:
(1) Hanging vertices contain crossing pairs of separating quasi-lines.
(2) Every pair of crossing separating quasi-lines is coarsely contained in a con-
jugate of a hanging vertex group.
(3) A separating quasi-line that is not crossed by any other separating quasi-
line is coarsely equivalent to a conjugate of an edge group.
(4) Every edge group is coarsely equivalent to a separating quasi-line that is
not crossed by any other separating quasi-line.
Remark. Condition (b) implies that the hanging vertex groups are maximal hang-
ing.
Remark. The case that a vertex group is the fundamental group of a pair of pants
and the incident edge groups glue on to the boundary curves is called ‘rigid’ in the
usual JSJ terminology because there are no splittings of the pair of pants group
relative to the boundary subgroups. Algebraically, such a vertex behaves like our
rigid vertices, but geometrically this is a hanging vertex.
Note that these properties do not in general define a unique graph of groups
decomposition, but rather a deformation space of decompositions [10]. However,
the hanging and rigid vertex groups are elliptic in every JSJ decomposition. Fur-
thermore, all JSJ decompositions are in the same deformation space, and the tree
of cylinders of a decomposition depends only on the deformation space [11, Theo-
rem 1], up to G–equivariant isomorphism, so there is a unique JSJ tree of cylinders.
Definition 2.4. Let G be a finitely presented one-ended group. The JSJ tree of
cylinders Cyl(G) of G is the tree of cylinders of the Bass-Serre tree of any JSJ
decomposition of G.
If Γ is a JSJ decomposition of G and T is its Bass-Serre tree, then rigid and
hanging vertex groups are contained in more than one cylinder. As a result, Cyl(G)
is bipartite, with one part consisting of vertices VC corresponding to cylinders of T
and the other part consisting of vertices VH and VR corresponding to hanging and
rigid vertices, respectively, of T .
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Since quasi-isometries coarsely preserve quasi-lines, and preserve the crossing and
separating properties of quasi-lines, Papasoglu concludes quasi-isometry invariance
of JSJ decompositions:
Theorem 2.5 (cf [19, Theorem 7.1]). Let G and G′ be finitely presented one-ended
groups. Suppose ψ : G→ G′ is a quasi-isometry. Then there is a constant C such
that ψ induces an isomorphism ψ∗ : Cyl(G) → Cyl(G′) that preserves vertex type
— cylinder, hanging, or rigid — and for v ∈ Cyl(G) takes Gv to within distance C
of G′ψ∗(v).
Proof. Two-ended subgroups of G are bounded distance from each other if and
only if they are commensurable, so cylinders are coarse equivalence classes of edge
and two-ended vertex stabilizers. These are exactly the coarse equivalence classes
of separating quasi-lines that are not crossed by other separating quasi-lines, so
quasi-isometries induce a bijection between cylinders. The remaining statements
are from [19, Theorem 7.1]. 
Corollary 2.6. If v is a rigid or hanging vertex in Cyl(G) then
ψv = piψ∗(v) ◦ ψ|Gv ∈ QI((Gv,Pv), (G′ψ∗(v),Pψ∗(v)))
where piψ∗(v) takes the image of φ|Gv to G′ψ∗(v) by closest point projection.
Remark. piψ∗(v) is coarsely well defined since ψ(Gv) is within distance C of G
′
ψ∗(v).
3. Structure Invariants for Decorated Trees
Let G be a group. Let T be a simplicial tree upon which G acts cocompactly
and without inversions. Let δ : T → D be a G–invariant map from the vertices
of T to a finite set of ‘decorations’. Decorations δ : T → D and δ′ : T → D′ are
equivalent if there exists a bijection ψ : D → D′ such that δ′ = ψ ◦ δ.
A structure invariant is obtained from a G–invariant decoration δ : T → D by
iteratively refining the decorations as follows. Set D0 = D and δ0 = δ. Beginning
with i = 0, for each v ∈ T define:
fv,i : Di → N ∪ {0,∞} : d 7→ #{w ∈ δ−1i (d) | w is adjacent to v}
Define δi+1(v) = (δ0(v), fv,i−1), and define Di+1 to be the image of δi+1 in D0 ×
(Di → N ∪ {0,∞}).
The function i 7→ #Di is non-decreasing, and if there is some s such that #Ds =
#Ds+1 then the refinement is stable: Dj is equivalent to Ds for all j ≥ s. Since for
all i the size ofDi is bounded above by the number of vertices ofG\T , the refinement
stabilizes in finitely many steps. Let δs : T → Ds be a stable decoration. Then
δs(v) = δs(v
′) implies fv,s = fv′,s. Let pi0 : Ds → D0 be projection to the first
coordinate. Choose an ordering of D and let D[j] denote the (j + 1)–st decoration.
Similarly, for each 0 ≤ j < #D, choose an ordering of pi−10 (D[j]). Order Ds
lexicographically, and let Ds[i] denote the (i+ 1)–st decoration.
Definition 3.1. The structure invariant S(T, δ,D) is the #Ds × #Ds matrix
whose j, k–entry is the number of vertices in δ−1s (Ds[j]) adjacent to each vertex
of δ−1s (Ds[i]), together with the decoration of the rows and columns by D that
sends the (i+ 1)–st row or column to pi0(Ds[i]).
6 CHRISTOPHER H. CASHEN
S(T, δ,D) is a block matrix with a block consisting of entries with the same row
and column decorations. The structure invariant is well defined up to permuting
the D–blocks and permuting rows and columns within D–blocks, ie, up to the choice
of orderings of D and the pi−10 (D[j]).
Proposition 3.2. Let δ : T → D be a G–invariant decoration of a cocompact G–
tree. Let δ′ : T ′ → D be a G′–invariant decoration of a cocompact G′–tree. There
exists a decoration-preserving isomorphism φ : T → T ′ if and only if S(T, δ,D) =
S(T ′, δ′,D), up to permuting rows and columns within D–blocks.
Proof. It is clear that decoration-preserving isomorphic trees have the same struc-
ture invariants, up to choosing the orderings of the decorations. For the converse, as-
sume that we have reordered within D–blocks so that S(T, δ,D) = S(T ′, δ′,D) = S.
Let δs : T → Ds and δ′s : T ′ → Ds be the stable decorations of T and T ′. Choose
an arbitrary basepoint v ∈ T . Define χ(v) by choosing an arbitrary vertex in
(δ′s)
−1 ◦ δs(v). Extend χ to adjacent vertices by choosing arbitrary bijections be-
tween δ−1s (Ds[k]) ∩ N1(v) and (δ′s)−1(Ds[k]) ∩ N1(χ(v)) for each 0 ≤ k < #Ds.
Such a bijection exists because the cardinality of these sets is the j, k–entry of S,
where δs(v) = Ds[j]. Continue in this way to extend χ to all of T . By construction
δs = δ
′
s ◦ χ, so χ is decoration-preserving:
δ = pi0 ◦ δs = pi0 ◦ δ′s ◦ χ = δ′ ◦ χ

Remark. When T is the universal cover of a finite graph Γ and the initial set of
decorations is trivial then the structure invariant we have defined is better known
as the degree refinement of Γ. The lemma says that two graphs have the same
degree refinement if and only if they have isomorphic universal covers. A theorem
of Leighton [14] says that such graphs in fact have a common finite cover.
Observation. We get a quasi-isometry invariant of a group G by taking the structure
invariant of a cocompact QI(G)-tree with a QI(G)–equivariant coloring.
This is a rather basic observation, but it does not seem to have appeared in the
literature in this generality.
Behrstock and Neumann [1, 2] have used special cases of this type of invariant,
in a different guise, to classify fundamental groups of some families of compact
irreducible 3–manifolds of zero Euler characteristic. In both papers the tree is
Bass-Serre tree for the geometric decomposition of such a 3–manifold along tori and
Klein bottles, which is the higher dimensional antecedent of the JSJ decompositions
considered in this paper.
When the geometric decomposition has only Seifert fibered pieces the vertices
are decorated by the quasi-isometry type of the universal cover of the corresponding
Seifert fibered manifold. There are only two possible quasi-isometry types, accord-
ing to whether or not the Seifert fibered piece has boundary. Every vertex in the
Bass-Serre tree has infinite valence, so each entry of the structure invariant is either
0 or ∞.
Behrstock and Neumann [1] state their result in terms of bi-similarity classes
of bi-colored graphs. They show that each bi-similarity class is represented by a
unique minimal graph, and that two such 3–manifolds are quasi-isometric if and
only if the bi-colored Bass-Serre tree of their geometric decompositions have the
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same representative minimal graph. Their minimal bi-colored graphs carry exactly
the same information as the structure invariant of the decorated Bass-Serre tree.
One can construct their graph by taking the vertex set to be the stable decoration
set Ds and connecting vertex Ds[j] to vertex Ds[k] by an edge if and only if the
j, k–entry of S is ∞. The vertices of the graph are ‘bi-colored’ by the projection
pi0 : Ds → D. Conversely, S can be recovered by replacing each edge in the graph
by infinitely many edges, lifting the bi-coloring to the universal covering tree, and
calculating the structure invariant.
The second paper [2] extends their results to cases where the decomposition
involves some hyperbolic pieces. The decorations there are more complex.
4. Quasi-isometry Invariants from Decorated JSJ Trees of Cylinders
Combining Proposition 3.2 with Theorem 2.5 and Corollary 2.6 proves:
Theorem 4.1. If G is a finitely presented one-ended group not commensurable
to a surface group, then the structure invariant for the JSJ tree of cylinders is a
quasi-isometry invariant of G, with respect to any of the following decorations:
(1) Vertex type: rigid, hanging, or cylinder.
(2) Vertex type and, if v is rigid, JGvK.
(3) Vertex type and, if v is rigid, J(Gv,Pv)K.
Theorem 4.2. If G is hyperbolic and the JSJ decomposition of G has no rigid
vertices then the invariant of Theorem 4.1 is a complete quasi-isometry invariant.
Proof. Hyperbolicity implies that the cylinders are finite. The result then follows
by an easy adaptation of the argument of Behrstock and Neumann in [1]. The
torsion-free case is written up in the thesis of William Malone [15]. 
4.1. Example. Let Γ be the graph of groups in Figure 1, with infinite cyclic edge
groups and vertex groups Gv1 = 〈x1, x2, x3〉 ∼= Z3 and Gv2 = 〈y1, y2, y3, y4〉 ∼= Z4.
Edge labels indicate the image of a chosen generator of the edge group. The quotient
of the JSJ tree of cylinders is shown in Figure 2.
Gv1 Gv2
x2
x2
x1 y1
Figure 1. The graph of groups Γ.
c1— v1— c2— v2
Figure 2. The graph of cylinders of Γ.
Take the initial decoration from Theorem 4.1 (2), where c represents ‘cylinder’
and r represents ‘rigid’:
δ0 : c1, c2 7→ c
v1 7→ (r, JZ3K)
v2 7→ (r, JZ4K)
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Cylinders in the orbit of c1 are not adjacent to any Z4 vertices, while cylinders in
the orbit of c2 are adjacent to infinitely many Z4 vertices. Thus, the first refinement
distinguishes c1 from c2, as fc2,0((r, JZ4K)) =∞ while fc1,0((r, JZ4K)) = 0.
We have distinguished all the vertices in the quotient graph, so this refinement
is stable, and the structure invariant is:
c (r, JZ3K) (r, JZ4K)
c 0
∞ 0
∞ ∞
(r, JZ3K) 1 1 0 0
(r, JZ4K) 0 1 0 0
Let Γ′ be the graph of groups in Figure 3, with infinite cyclic edge groups and
vertex groups G′v1 = 〈x1, x2, x3〉 ∼= Z3 and G′v2 = 〈y1, y2, y3, y4〉 ∼= Z4. The quotient
of the JSJ tree of cylinders is shown in Figure 4.
G′v1 G
′
v2
x2
x1
y1
y1
Figure 3. The graph of groups Γ′.
v1 == c1— v2
Figure 4. The graph of cylinders of Γ′.
The initial decoration distinguishes all vertices in the graph of cylinders, so it is
already stable. The structure invariant is:
c (r, JZ3K) (r, JZ4K)( )c 0 ∞ ∞
(r, JZ3K) 2 0 0
(r, JZ4K) 1 0 0
Since we have different structure invariants, the fundamental groups of Γ and Γ′
are not quasi-isometric.
5. Relative Rigidity
Let I(X) denote the quotient of Isom(X) in QI(X). Let i : I(X) → Isom(X)
denote a map that selects an isometry from each equivalence class in I(X). For
g ∈ G, let Lg ∈ Isom(G) be left multiplication. Let H be a finite collection of
two-ended subgroups of G, and let P the collection of distinct coarse equivalence
classes of conjugates of elements of H.
Definition 5.1. We say G is weakly quasi-isometrically rigid relative to P, or
(G,P) is weakly quasi-isometrically rigid, if there is a proper geodesic metric space
X and a quasi-isometry µ : G → X such that µQI(G,P)µ = I(X,µ(P)) and the
distance between µ◦Lg ◦µ and an isometry of X is bounded independent of g ∈ G.
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Definition 5.2. We say G is quasi-isometrically rigid relative to P, or (G,P) is
quasi-isometrically rigid, if G is weakly quasi-isometrically rigid relative to P and,
in addition, if µ′ : G → X is another quasi-isometry satisfying the definition of
weak quasi-isometric rigidity, then µ′ ◦ µ ∈ I(X).
Lemma 5.3. If G virtually splits over a zero or two-ended group relative to H then
(G,P) is not weakly quasi-isometrically rigid.
Proof. If G virtually splits it is not hard to show that the multiplicative constants
of QI(G,P) are unbounded. However, they must be bounded if QI(G,P) is quasi-
isometrically conjugate to an isometry group. 
If X is an irreducible symmetric space other than real or complex hyperbolic
space, then all quasi-isometries are already bounded distance from isometries [18,
13], so (G,P) is quasi-isometrically rigid for every G quasi-isometric to X and every
P. The peripheral structure plays no role in this case.
If X is a real or complex hyperbolic space of dimension at least 3 and G is
quasi-isometric to X then G is quasi-isometrically rigid relative to any non-empty
peripheral structure, by a theorem of Schwartz [21].
If X ′ is the 3-valent tree, G is quasi-isometric to X ′, and G does not virtually
split over 0 or 2–ended subgroups relative to H, then (G,P) is quasi-isometrically
rigid [5, 4]. In this case the model space X depends on P.
If X = H2, φ : G → X is a quasi-isometry, and G does not virtually split over
2–ended subgroups relative to H, then (G,P) is weakly quasi-isometrically rigid.
To see this, note that φ induces a cobounded quasi-action of G on X. Such a quasi-
action is quasi-isometrically conjugate to an isometric action on X [16]. A result
of Kapovich and Kleiner [12] then shows that G has finite index in QI(G,P). But
this means that QI(G,P) quasi-acts on X, and the claim follows by conjugating
this quasi-action to an isometric action.
Question 1. If G is a hyperbolic group that is not quasi-isometric to H2 and does
not virtually split over a zero or two-ended subgroup relative to H, is (G,P) quasi-
isometrically rigid?
6. An Enhanced Decoration for Hyperbolic Groups with
Quasi-isometrically Rigid Vertices
For the rest of the paper we suppose G is a one-ended hyperbolic group with
a JSJ decomposition Γ such that every rigid vertex group Gv is hyperbolic and
weakly quasi-isometrically rigid relative to the peripheral structure Pv coming from
incident edge groups.
Lemma 6.1. We may assume that Cyl(G) is the Bass-Serre tree T of Γ.
Proof. Let T be the Bass-Serre tree of Γ. Since G and the vertex groups of Γ
are hyperbolic, the cylinders in T are finite. Then [11, Proposition 5.2] says that
Cyl(T ) and T are in the same deformation space, which means that there is a finite
sequence of moves that transforms one to the other. These moves result in moves
on Γ which do not change the rigid and hanging vertex group or the peripheral
structures on these subgroups. Replace Γ by this new JSJ decomposition. 
Our goal is to find a decoration of T that gives finer quasi-isometry invariants
than Theorem 4.1. This new decoration will incorporate information about the
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edges of T . For compatibility with Section 3, it is convenient to subdivide edges of
T so that we only decorate vertices. Let Γ∗ be the graph of groups decomposition
of G obtained from Γ by subdividing each edge and taking the stabilizer of each
new vertex to be equal to the stabilizer of its edge. Let T ∗ be the Bass-Serre tree,
which is just T with subdivided edges. T ∗ = VC q VR q VH q VS , where V∗ are,
respectively, the cylinder vertices, (weakly) rigid vertices, hanging vertices, and
subdivided-edge vertices. Vertices in VC , VR and VH are only adjacent to vertices
in VS , and each vertex in VS is adjacent to one vertex in VC and one in either VR
or VH .
Let q : T ∗ → Γ∗ be the quotient map of the G–action.
6.1. A Model Space for G. Now we construct a proper geodesic metric space X
quasi-isometric to G as a coarse Bass-Serre complex, following [17]. For each vertex
v ∈ T ∗ we will choose a model vertex space Xv and a quasi-isometry µv → Xv. For
each edge e ∈ T ∗ we will choose an edge space Xe = R× [0, 1] and a quasi-isometry
µe : Ge → Xe. Then if v is the terminus of e we attach R × {1} ⊂ Xe to Xv by a
map φ˜e such that φ˜e ◦ µe and µv ◦ φe agree to within bounded error.
For v ∈ VC q VS define Xv = R.
Fix a hyperbolic pair of pants Σ and for h ∈ VH , let Xh = Σ˜, where
µh : (Gh,Ph)→ (Σ˜,P∂Σ)
is a quasi-isometry as in Definition 2.2.
For each vertex r ∈ Γ∗ such that (Gr,Pr) is weakly rigid, choose a model space
and quasi-isometry µr : Gr → Xr as in Definition 5.1. We can, and do, choose
these quasi-isometries so that if ψ ∈ QI((Gr,Pr), (Gr′ ,Pr′)) then Xr = Xr′ and
µr(Pr) = µr′(Pr′), so µr′ ◦ ψ ◦ µ−1r ∈ I(Xr, µr(Pr)). For r ∈ VR, let Xr be a copy
of Xq(r).
Lemma 6.2. If φ0 and φ1 are isometries of Xr at bounded distance from one
another, then the distance between them is bounded in terms of the hyperbolicity
constant of Xr.
Proof. Since Xr is quasi-isometric to a non-elementary hyperbolic group, for every
x ∈ X one can choose three distinct points ξ0, ξ1, and ξ2 in the Gromov boundary
of X such that x is in the coarse center of the ideal geodesic triangle with vertices
ξ0, ξ1, and ξ2. Then for i ∈ {0, 1}, φi(x) is in the coarse center of an ideal geodesic
triangle with vertices ∂φi(ξ0), ∂φi(ξ1), and ∂φi(ξ2). Since φ0 and φ1 are at bounded
distance from one another, they extend to the same homeomorphism of the Gro-
mov boundary, so ∂φ0(ξj) = ∂φ1(ξj) for all j. Thus, the two ideal triangles, and
hence their coarse centers, are bounded distance from each other, with the bound
depending only on the hyperbolicity constant of Xr. 
For each v ∈ VS q VC , the stabilizer Gv is virtually cyclic, so we can choose
an element zv ∈ Gv such that 〈zv〉 < Gv is an infinite cyclic subgroup of minimal
index. Suppose that e is an edge in T ∗ connecting s ∈ VS to c ∈ VC . We identify
Ge with Gs. Replacing, zs with its inverse, if necessary, there are positive integers
a and b such that φe(z
a
s ) = z
b
c . The ratio b/a is independent of the particular choices
of minimal index cyclic subgroups. Attach R×{0} ⊂ Xe to R = Xs by the identity
map on R. Attach R× {1} ⊂ Xe to R = Xc by multiplication by b/a.
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For each edge e ∈ T ∗ connecting s ∈ VS to q ∈ VQ, attach R × {0} ⊂ Xe
to R = Xs by the identity map on R. Attach R × {1} ⊂ Xe to Xq by identifying
{n}×{1} ∈ Xe to φe(zns ) ∈ Gq = Xq, and interpolating along geodesic subsegments.
For each edge e ∈ T ∗ connecting s ∈ VS to r ∈ VR, attach R × {0} ⊂ Xe to
R = Xs by the identity map on R. φe(Gs) is a maximal virtually cyclic subgroup of
Gr that is conjugate to one of the elements of H. Thus, there is an element Pe ∈ Pr
corresponding to e. Recall that Pe is a coarse equivalence class of subset of Gr. Let
gs = φe(zs). A quasi-axis γ of gs < Gr is contained in Pe. µr(γ) ⊂ Xr is therefore
a quasi-geodesic contained in µr(Pe). Since Xr is hyperbolic, µr(Pe) contains a
geodesic γ′. Let pi : Xr → γ′ send each point of Xr to a closest point of γ′. There
may not be a unique closest point, but there is a bound on the diameter of possible
candidates in terms of the hyperbolicity constant of Xr. Choose a basepoint y0 ∈ γ
and let x0 = pi(µr(y0)). The distance from µr ◦ Lgns ◦ µ(x0) to pi(µr ◦ Lgns ◦ µ(x0))
is bounded, independent of n. Thus,
d(x0, pi(µr ◦ Lgns ◦ µ(x0))) = d(x0, µr ◦ Lgns ◦ µ(x0))± e1
= d(x0, i(µr ◦ Lgns ◦ µ)(x0))± e2
= d(x0, (i(µr ◦ Lgs ◦ µ))n(x0))± e3
= n ·
(
lim
m→∞
1
m
· d(x0, (i(µr ◦ Lgs ◦ µ))m(x0))
)
± e4
In each case ej is an error, independent of n. The second equality is by definition
of weak rigidity and Lemma 6.2. The third equality is again by Lemma 6.2, because
(i(µr◦Lgs◦µ))n is an isometry that is bounded distance from the isometry i(µr◦Lgns ◦
µ). The final equality is a standard fact about hyperbolic isometries of hyperbolic
spaces.
Now, we can attach R× {1} ⊂ Xe to γ′ ⊂ Xr by a map that stretches distance
by limm→∞ 1m · d(x0, (i(µr ◦ Lgs ◦ µ))m(x0)), and this map will coarsely commute
with µr ◦ φe ◦ µe.
6.2. The Enhanced Decoration. For c ∈ VC , let Rig(c) denote the vertices
s ∈ VS adjacent to c whose other neighbor is in VR.
Let s ∈ Rig(c). Let e be the edge from s to c, and let e′ be the edge from s to
r ∈ VR. Recall that the map attaching R× {1} ⊂ Xe′ to Xr stretches distance by
limm→∞ 1m ·d(x0, (i(µr ◦Lφe′ (zs) ◦µ))m(x0)), and that map attaching R×{1} ⊂ Xe
to Xc stretches distance by b/a where φe(z
a
s ) = z
b
c . Define the stretch across s,
Str(s), to be ab · limm→∞ 1m · d(x0, (i(µr ◦ Lφe′ (zs) ◦ µ))m(x0)).
For s ∈ Rig(c), define the relative stretch:
relStr(s) =
Str(s)
mins′∈Rig(c) Str(s′)
Definition 6.3. Decorate T ∗ as in Theorem 4.1 (3), except that for s ∈ Vs such
that s is adjacent to a vertex of VR, the decoration on s additionally includes the
number relStr(s).
Theorem 6.4. Let G, Γ, and T and G′, Γ′, and T ′ be groups with JSJ decompo-
sitions and Bass-Serre trees as defined above. Let δ : T ∗ → D and δ′ : T ′∗ → D′
be the decorations of Definition 6.3. Build geometric models X and X ′ as in Sec-
tion 6.1, with the additional requirement that if there exist weakly rigid vertices
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r ∈ Γ and r′ ∈ Γ′ with J(Gr,Pr)K = J(G′r′ ,P ′r′)K then we choose Xr = Xr′ and
µr(Pr) = µr′(P ′r′). If G and G′ are quasi-isometric, then the structure invariants
S(T ∗, δ,D) and S(T ′∗, δ,D) are equivalent.
Remark. If all vertices of VR are actually quasi-isometrically rigid, not just weakly
rigid, then S(T ∗, δ,D) gives a quasi-isometry invariant of G. Otherwise, the values
of the relative stretches depend also on the choices of the weakly rigid model spaces.
We can still use the structure invariants to distinguish two given groups G and G′,
provided we choose the same weakly rigid model vertex spaces for G and G′.
Proof. Suppose ψ : G → G′ is a quasi-isometry. Then there is a quasi-isometry
µ′ ◦ ψ ◦ µ : X → X ′ and an induced isomorphism ψ∗ : T ∗ → T ′∗. We must show
that for s0 in VS of T ∗ adjacent to vertices c ∈ VC and r0 ∈ VR, we have relStr(s0) =
relStr(ψ∗(s0)).
If s0 is the only vertex in Rig(c) then relStr(s0) = 1 and ψ
∗(s0) is the only vertex
in Rig(ψ∗(c)), so relStr(φ∗(s0)) = 1. Otherwise, let s1 be a vertex of Rig(c) distinct
from s0, and let r1 be the unique vertex of VR adjacent to s1. Let ei be the edge
connecting si to ri. Choose a pair of points x0 and y0 in Xr0 ∩ Xe0 . There is a
unique point xc ∈ Xc that is distance 2 from x0. Similarly, there is a unique point
x1 ∈ Xr1 that is distance 4 from x0, and unique points yc ∈ Xc and y1 ∈ Xr1 at
distance 2 and 4 from y0, respectively.
dXr0 (x0, y0)
dXr1 (x1, y1)
=
Str(s0) · dXc(xc, yc)
Str(s1) · dXc(xc, yc)
=
relStr(s0)
relStr(s1)
ψ induces a quasi-isometry ψr0 ∈ QI((Gr0 ,Pr0), (G′ψ∗(r0),P ′ψ∗(r0))). Thus:
µ′ψ∗(r0) ◦ ψr0 ◦ µr0 ∈ QI((Xr0 , µr0(Pr0)), (X ′ψ∗(r0), µ′ψ∗(r0)(P ′ψ∗(r0))))
However, we required that (X ′ψ∗(r0), µ
′
ψ∗(r0)(P ′ψ∗(r0))) = (Xr0 , µr0(Pr0)), so, by
weak quasi-isometric rigidity, µ′ψ∗(r0)◦ψr0◦µr0 is bounded distance from an isometry
of Xr0 . The same is true for r1.
ψ sends Xr0 ∩Xe0 to within bounded distance of X ′ψ∗(r0) ∩X ′ψ∗(e0), so let p0 be
a point of X ′ψ∗(r0) ∩X ′ψ∗(e0) close to ψ(x0). Let p1 be the closest point of X ′ψ∗(r1) ∩
X ′ψ∗(e1) to p0. Now, d(p0, p1) = 4, and d(x0, x1) = 4, so d(p1, ψ(x1)) is bounded in
terms of the quasi-isometry constants of ψ, independent of x0. Similarly, let q0 be
a point of X ′ψ∗(r0) ∩X ′ψ∗(e0) close to ψ(y0) and q1 ∈ X ′ψ∗(r1) ∩X ′ψ∗(e1) closest to q0.
Since µ′ψ∗(r0) ◦ ψr0 ◦ µr0 is bounded distance from an isometry, dX′ψ∗(r0)(p0, q0) =
dXr0 (x0, y0) up to bounded error that is independent of x0 and y0. Similarly,
dX′
ψ∗(r1)
(p1, q1) = dXr1 (x1, y1) up to bounded error. We make these bounded errors
negligible by taking x0 and y0 to be far apart:
relStr(s0)
relStr(s1)
=
dXr0 (x0, y0)
dXr1 (x1, y1)
= lim
d(x0,y0)→∞
dXr0 (x0, y0)
dXr1 (x1, y1)
= lim
d(p0,q0)→∞
dX′
ψ∗(r0)
(p0, q0)
dX′
ψ∗(r1)
(p1, q1)
=
dX′
ψ∗(r0)
(p0, q0)
dX′
ψ∗(r1)
(p1, q1)
=
relStr(ψ∗(s0))
relStr(ψ∗(s1))
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So, ψ∗ preserves the ratios of relative stretches. However, we have normalized so
that there exists an s1 ∈ Rig(c) such that relStr(s1) = 1 is minimal, so ψ∗ must
actually preserve the values of relStr. 
6.3. Example. Let Gi =
〈
a, b, t | tuit = vi
〉
, where ui and vi are words in 〈a, b〉
given below. In each case Gi should be thought of as an HNN extension of 〈a, b〉
over Z with stable letter t. Subdividing the edge gives a JSJ decomposition Γi of
Gi whose Bass-Serre Ti is equal to its tree of cylinders.
Let u0 = a, v0 = abab
2, u1 = ab, v1 = a
2b2, u2 = ab
2, and v2 = a
2b.
The methods of [5] show that for each i, the pair {ui, vi} is Whitehead minimal,
with Whitehead graph equal to the complete graph on 4 vertices, so 〈a, b〉 is quasi-
isometrically rigid relative to the peripheral structure Pi coming from incident edge
groups, and the rigid model space is just the Cayley graph for 〈a, b〉 with respect
to {a, b}, ie, the 4–valent tree. Furthermore, QI(〈a, b〉 ,Pi) is transitive on Pi,
and J(〈a, b〉 ,P1)K = J(〈a, b〉 ,P2)K = J(〈a, b〉 ,P3)K. Therefore, Theorem 4.1 can not
distinguish these three groups.
In T ∗i , VC is a single orbit, and each vertex c ∈ VC is adjacent to exactly two
vertices s and s′ in VS . These are adjacent to rigid vertices r and r′, respectively.
Let us assume that s corresponds to an edge that attaches to Xr along the image
of a conjugate of 〈vi〉 and s′ corresponds to an edge that attaches to Xr along the
image of a conjugate of 〈ui〉. The stabilizer of s and s′ are equal to the stabilizer
of c, which is infinite cyclic. This, together with the fact that the rigid model
space is the Cayley tree for 〈a, b〉 means that Str(s) is the word length of vi in
〈a, b〉, and Str(s′) is the word length of ui in 〈a, b〉. Thus, relStr(s′) = 1 and
relStr(s) = |vi||ui| = 5, 2, or 1, as i = 0, 1 or 2, respectively. By Theorem 6.4, no
one of these groups is quasi-isometric to the other.
Whether our enhanced decoration gives a complete quasi-isometry invariant, or
whether further enhancements can achieve this, are interesting questions that we
plan to explore in future work. This requires a fuller understanding of the relative
quasi-isometry groups QI(Gv,Pv).
It would also be interesting to remove the assumption of hyperbolicity of G,
which would allow the cylinder spaces Xc to be quasi-isometric to Baumslag-Solitar
groups.
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